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We solve the master equations of two charged qubits measured by a single-electron transistor
(SET) consisted of two islands. We show that in the sequential tunneling regime the SET current
can be used for reading out results of quantum calculations and providing evidences of two-qubit
entanglement, especially when the interaction between the two qubits is weak.
Quantum information processing in solid state nanos-
tructures has attracted wide spread attention because of
the potential scalability of such devices. Within this con-
text, quantum measurement in mesoscopic systems is a
crucial issue and is being carefully analyzed both experi-
mentally [1, 2, 3, 4] and theoretically [5, 6, 7, 8, 9, 10, 11,
12], so that proper measurements can be designed to ex-
tract the maximal amount of information contained in a
solid state qubit (or qubits). One prominent example is a
single-electron transistor (SET), whose current is partic-
ularly sensitive to the charge degrees of freedom through
gate potential variations on its central island(s). Indeed,
with a radio-frequency SET, electrons can be counted at
frequencies up to 100 MHz [4], so that if the states of a
qubit can be distinguished by charge locations, an SET
can be used to measure the qubit states.
Recently, two-qubit coherent evolution and possibly
entanglement have been observed in capacitively coupled
Cooper pair boxes [13]. The realization and detection
of two-qubit entanglement are crucial milestones for the
study of solid state quantum computing. In this Letter
we study a novel scheme for the quantum measurement of
two charge qubits (N=2), which can be extended to the
detection of moderately larger number of qubits (N>2).
Specifically, the target qubits being constantly measured
are double dot charge qubits [11], whose states are the
different spatial distributions of the excess electron on
the double dot. The quantum detector is a two-island
SET (N = 2), with each island coupled to a qubit ca-
pacitively, as illustrated in Fig. 1. Our objective is to
demonstrate the capability of this two-island SET in de-
tecting and differentiating two-qubit quantum states. In
particular, we develop a master equation formalism from
microscipic Hamiltonian to describe the readout current
of the SET in its sequential tunneling regime. Under
the condition that the relaxation time of SET current is
sufficiently long compared to the period of qubit oscil-
lations, we clarify three major issues regarding the ca-
pability of the two-island SET layout: whether the two-
qubit eigenstates {|00〉, |01〉, |10〉, and|11〉} can be distin-
guished; whether entangled states and product states can
be distinguished; and whether Zeno effect can be seen in
the two qubits.
The Hamiltonian for the combined two qubits and the
two-island SET can be written as follows:
H = Hqb +Hset +Hint. (1)
FIG. 1: Qubits are capacitively coupled to a two-island SET,
which acts as a charge detector. N(≥2) qubits are arranged
between source and drain.
FIG. 2: Electronic states in the detector.
where Hqb, Hset, and Hint are the Hamiltonians of the
two qubits, the SET, and the interaction between the
qubits and the SET, respectively. Hqb describes the
two interacting (left and right, as illustrated in Fig. 1)
qubits, each consisted of two tunnel-coupled quantum
dots (QDs) and containing one excess charge [11]:
Hqb=
∑
α=L,R
(Ωασαx+∆ασαz)+JσLzσRz (2)
2where ΩL(ΩR) and ∆L(t)[∆R(t)] are the inter-QD (but
intra-qubit) tunnel coupling and energy difference in the
left (right) qubit. Here we use the spin notation such that
σαx ≡ a†αbα + b†αaα and σαz ≡ a†αaα − b†αbα (α = L,R),
where aα and bα are the annihilation operators of an
electron in the upper and lower QDs of each qubit. J
is a coupling constant between the two qubits, originat-
ing from capacitive couplings in the QD system [11]. |↑〉
and | ↓〉 refer to the two single-qubit states in which the
excess charge is localized in the upper and lower dot,
respectively. ∆α (α = L,R) are bias gate voltages ap-
plied on the qubits, which can be used to tune the qubit
energy splittings and are used for the manipulation of
these charge qubits during quantum calculations [11].
The SET part of the Hamiltonian Hset is written as:
Hset=
∑
α=L,R

∑
iα,s
Eiαc
†
iαs
ciαs+
∑
s
Edαsd
†
αsdαs+Uαnα↑nα↓


+
∑
α=L,R
∑
iα,s
Vαs
(
c†iαsdαs+d
†
αsciαs
)
+
∑
s
VMs
(
d†LsdRs+d
†
RsdLs
)
. (3)
Here ciLs(ciRs) is the annihilation operator of an electron
in iLth (iRth) level (iL(iR) = 1, ..., n), in the left(right)
electrode, dLs(dRs) is the electron annihilation operator
of the left (right) SET island, s ∈ {↑, ↓} is the electron
spin, and nαs ≡ d†αsdαs is the number of electron on each
island. Here we assume only one energy level on each
island. VLs(VRs) and VMs are the tunneling strength
of electrons between left (right) electrode and the left
(right) island and that between the two islands. UL(UR)
is the on-site Coulomb energy of double occupancy in the
left (right) island. Finally, the interaction between the
qubits and the SET, described by Hint, are capacitive
couplings between the qubits and the two SET islands:
Hint =
∑
s
(
ELintd
†
LsdLsσLz+E
R
intd
†
RsdRsσRz
)
. (4)
Consequently, the energy level of an SET island is raised
by Eαint ∼ eCαintCαA/CαS /(CαACαint+CαB[CαA+Cαint]) if the
charge in the corresponding qubit is located in the lower
QD [7]. The electronic states of the qubits also influence
the tunneling rates Γα(E) = 2πρα(E)|Vα(E)|2 (ρα are
densities of states of the electrodes). If we define {|A〉≡
| ↓↓〉, |B〉 ≡ | ↓↑〉, |C〉 ≡ | ↑↓〉, |D〉 ≡ | ↑↑〉}, the tunneling
rates have the relations; ΓLA = Γ
L
B < Γ
L
C = Γ
L
D and Γ
R
A =
ΓRC<Γ
R
B=Γ
R
D.
Now we can construct the equations of the qubits-
SET density matrix elements governed by the above-
mentioned Hamiltonian at T = 0, following the pro-
cedure developed by Gurvitz [5]. The possible elec-
tronic states in the detector are shown in Fig. 2. The
method is applicable as long as the energy-levels of the
islands is inside the chemical potential µL of the left elec-
trode and µR of the right electrode, and the tunneling
rates are much smaller than the difference µL− µR, i.e.
µL−µR ≫ {ΓL,ΓR, VM} [14]. We consider the following
two transport processes separately. The first case is when
the double-occupied states are inside the range of µL and
µR and all electronic states in Fig.2 take part in the tun-
neling (finite U model). The second case is when double
occupancy of electrons [(e)-(i)] is prohibited (infinite U
model). Experimentally, these two cases are interchange-
able by tuning applied island gate voltages [15].
The wave function |Ψ(t)〉 of the qubits-SET system can
be expanded over the electronic states of the qubits and
the island states of the SET shown in Fig. 2. Assum-
ing that there is no magnetic field and the tunneling is
independent of spin, after a lengthy calculation, we ob-
tain 352 equations for density matrix elements ρz1z2u1u2(t)
(u1, u2 indicate quantum states of the detector (Fig. 2)
and z1, z2 = A,B,C,D are those of the qubits) as [16]:
ρ˙AAaa = −2ΓLρAAaa −iΩR(ρBAaa −ρABaa )−iΩL(ρCAaa −ρACaa )
+ΓR(ρAAcc↑+ρ
AA
cc↓),
ρ˙ABaa = (i[−JA+JB]−2ΓL)ρABaa − iΩR(ρBBaa −ρAAaa )
−iΩL(ρCBaa −ρADaa )+ΓR(ρABcc↑+ρABcc↓ ),
......
ρ˙CDii = 2(i[−ECdL−ECdR+EDdL+EDdR−JC+JD]−ΓR
′
)ρCDii
−iΩR(ρDDii −ρCCii )−iΩL(ρADii −ρCBii )
+ΓL
′
(ρCDhh↑+ρ
CD
hh↓), (5)
where JA = ∆L+∆R+J , JB = ∆L−∆R−J , JC =
−∆L+∆R−J , JD = −∆L−∆R+J , EAdL = EBdL = EdL+ELint,
ECdL = E
D
dL
= EdL −ELint, EAdR = ECdR = EdR +ERint,
EBdR = E
D
dR
= EdR−ERint. Γα
′
= 0 in infinite U model
and Γα
′
= Γα in finite U model. The readout current
I(t)=eN˙R(t) can then be written as [5]
I(t) =
∑
z=A,B,C,D
e{ΓR[ρzzcc↑+ρzzcc↓+ρzzd↑↑d↑↑+ρzzd↓↑d↓↑+ρzzd↑↓d↑↓+ρzzd↓↓d↓↓
+ 2ρzzff+ρ
zz
gg↑+ρ
zz
gg↓+2(ρ
zz
hh↑+ρ
zz
hh↓)]+2Γ
R′ρzzii }. (6)
For simplicity we consider two identical qubits, with
EdL=EdR and Eint ≡ ELint=ERint.
We monitor the onset of the readout current to ex-
tract information of the qubit states. The current be-
gins to flow at t = 0 and after a transient region sat-
urates to a steady state value. In the meantime, the
qubits oscillate with frequencies
√
Ω2α +∆
2
α. The inter-
action with the dissipative current degrades the coherent
oscillations and makes the charge distribution uniform
in the qubits at t → ∞. Conversely, in the absence of
the qubits, the current saturates around t ∼ Γ−1 where
Γ≡ΓLΓR/(ΓL+ΓR), while the qubit charge oscillations
modify the SET current through an effective gate poten-
tial on the islands. Figure 3 shows the time-dependent
current characteristics of the infinite U model near t ∼ 0.
At small t state |A〉 suppresses the current the most while
state |D〉 the least. The measurement time tm that is
required to resolve the states of qubits is estimated as
3FIG. 3: Time dependent readout current characteristics of
the infinite U model for |A〉 = | ↓↓〉, |B〉 = | ↓↑〉, |C〉 = | ↑↓〉,
|D〉 = | ↑↑〉 as initial states (t = 0), where ΩL = ΩR = 0.75Γ,
VM = 0.5Γ, E
L
int = E
R
int = 0.2Γ, Γ
L
A =Γ
L
B = Γ
R
A=Γ
R
C = 0.8Γ,
ΓLC=Γ
L
D = Γ
R
B=Γ
R
D = 1.2Γ. (a) J = 0.1Γ, (b) J = Γ.
t−1m ∼min{Eint,ΓLA−ΓLD} (∼ 0.5−1Γ in Fig. 3). The rela-
tive magnitude of the current changes after the coherent
motions of qubits (t > 1/Ωα). Thus the SET current
can be used to distinguish the four product states during
tm < t < 1/Ωα. If the coherent oscillation of the qubits
remains after t > Γ−1, as in the present model [17], we
can discuss the quantum states of qubits using the steady
current formula (t → ∞) through the SET without the
qubits [5]:
Iset =
eΓV 2M
ǫ2dΓ/(Γ
L+ΓR)+V 2M+Γ
LΓR/4
, (7)
where ǫd ≡ EdL − EdR is the energy difference of the
two islands. If VM ≫ Γ, ǫd,Ωα, the coupling between the
two islands is strong and the current mainly reflects the
bonding-antibonding state in the detector, which is not
suitable for qubit measurements. We thus focus on the
regime of VM < Ωα,Γ. Since E
A
dL
−EAdR =EDdL−EDdR =0
and EBdL −EBdR = ECdR −ECdL = 2Eint, the different ef-
fects between |A〉 and |D〉 and that between |B〉 and |C〉
come from the differences in the tunneling rates. More-
over, the difference of |A〉 and |D〉 from |B〉 and |C〉 be-
comes obvious in the Eint > VM region. Thus we call
Eint > VM strong measurement regime, where the four
product states can be distinguished, in contrast to the
weak measurement regime of Eint < VM .
We can distinguish the current of pure entangled states
and that of pure product states by changing bias volt-
ages V αg = ∆α in the regime of J/Γ≪ 1, where the cur-
rent depends on the change of qubit oscillation frequency
(∼ √Ω2α +∆2α). Figure 4(a) shows the current corre-
sponding to the qubit |B〉 state in the weak measurement
regime of the infinite U model. We also obtained similar
results for the other product states |A〉, |C〉, and |D〉. In
contrast, the readout current for a two-qubit entangled
state is more uniform compared with the product states
as entangled states generally have less distinct charge dis-
tributions. For example, the density matrix elements for
a singlet state (|↑↓〉−|↓↑〉)/√2 = (|C〉−|B〉)/√2 of two
FIG. 4: Time dependent readout current characteristics
starting from :(a) |B〉, (b) singlet state in the infinite U model
for weak measurement case (Eint = 0.2Γ < VM = 0.5Γ) as a
function of Vg=V
L
g =V
R
g . Parameters are the same as those
in Fig.3.
free qubits (Hint = 0) satisfy ρ˙
BB+ρ˙CC−ρ˙BC−ρ˙CB= 0
(∆L = ∆R), which suggests that entangled states such
as the singlet state are less effective in influencing the
readout current. We believe this ineffectiveness is re-
lated to the fact that logical states encoded in entangled
states are less susceptible to environmental decoherence
[18]. Indeed, the readout current of this entangled state
is found to be uniform as shown in Fig. 4(b). We ob-
tained similar results for the other Bell states, and there
is no significant difference between the infinite U model
and the finite U model in the weak measurement regime.
In the strong measurement regime (Eint > VM ), the
current is more sensitive to the charge distributions in
the qubits, and there are differences between the infi-
nite U model and finite U model. We can distinguish
the four products more easily through the SET current,
as shown in Fig. 5(a)-(d). However, currents for the
entangled states in the infinite U model show several
similar peaks that reflect the qubit oscillations and can-
not be easily distinguished from the product states. On
the other hand, the finite U model shows distinct uni-
form structure compared with the current of the product
states [Fig. 5(e) and (f)]. This shows that, in the finite U
model, redistribution of the electrons through the two is-
lands of the detector is energetically favorable under the
rather uniform electric field generated by the entangled
qubits. Figure 6(a) shows that the concurrence (a mea-
sure of entanglement [19] derived from reduced density
matrix of two qubits after tracing over the detector com-
ponents) of the two qubits disappears quickly in the cases
of strong measurement. While the coherence quickly de-
grades, we can see the emergence of the Zeno effect, in
which a continuous measurement slows down transitions
between quantum states due to the collapse of the wave-
functions into observed states [5, 10]. For instance, Fig. 6
(b) shows that, as Eint increases, the oscillations of den-
sity matrix elements of the qubits (e.g. ρDD) are delayed,
which is a clear evidence of the slowdown described by
the Zeno effect in the two qubits.
Our numerical results above are applicable to a wide
4FIG. 5: Time dependent readout current characteristics in
the finite U model (U = 2Γ)for strong measurement case
(Eint=0.8Γ >VM =0.5Γ) as a function of Vg=V
L
g =V
R
g . The
initial states are (a) |A〉, (b) |B〉,(c) |C〉,(d) |D〉, (e) triplet
state, (f) singlet state. Parameters other than Eint are the
same as those in Fig.3.
range of pure product and entangled states. For exam-
ple, in the entangled states cos θ| ↑↓〉 + eiϕ sin θ| ↑↓〉, we
found that the uniformity of the readout current holds
approximately up to |θ ± π/4|, |ϕ| < π/12. The pure
entangled states are more robust beyond the spatial dis-
tribution of the wave functions. Although the product
states
∏
α=L,R[cos(
θα
2
)e−i
ϕα
2 | ↑〉α+sin( θα2 )ei
ϕα
2 | ↓〉α] seem
to have similarly uniform wave functions when θL = ±θR
and ϕL = ±ϕR = 0, π (compared to the entangled states
mentioned above), the corresponding currents reflect the
coherent oscillations of the qubits when the gate bias
changes between V Lg = V
R
g and V
L
g = −V Rg .
Since the detection scheme discussed here is based
on measuring small current differences in the transient
regime, it is important to analyze whether the present
day technology can achieve the necessary sensitivity. The
state of the art technology allows the measurement of 1
pA current with dynamics in the GHz frequency range
with repeated measurement techniques [1, 2, 20]. Ac-
cording to our Figs. 3-5, our scheme requires measuring
a 0.1 pA current that changes in the nanosecond time
scale (assuming a Γ in the order of 100 MHz, a reasonable
figure because Eint would be in the order of 100 MHz if
all capacitances are 100 aF), which is at the edge of the
current measurement technology. Thus, with a similar
design of repeated measurement [1, 2, 20], our detection
FIG. 6: (a) The concurrence of the singlet state. (b) Example
of Zeno effect: oscillation of ρDD(t) is delayed, where the
initial state is |D〉 state (ρDD(0)=1). Similar effects can be
seen in other initial states. Parameters are the same as those
in Fig.5.
scheme should be experimentally feasible in the near fu-
ture.
In conclusion, we have solved master equations and de-
scribed various time-dependent measurement processes
of two charge qubits. The current through the two-island
SET is shown to be an effective means to measure results
of quantum calculations and entangled states.
We acknowledge discussions with N. Fukushima, S. Fu-
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